In many magnetically confined fusion experiments, a significant fraction of the stored energy of the plasma resides in energetic, or non-thermal, particle populations. Despite this, most equilibrium treatments are based on MHD: a single fluid treatment which assumes a Maxwell-Boltzmann distribution function. Detailed magnetic reconstruction based on this treatment ignore the energetic complexity of the plasma and can result in model-data inconsistencies, such as thermal pressure profiles which are inconsistent with the total stored kinetic energy of the plasma. Alternatively, ad hoc corrections to the pressure profile, such as summing the energetic and thermal pressures, have poor theoretical justification. Motivated by this omission, we generalize ideal MHD one step further: we consider multiple quasi-neutral fluids, each in thermal equilibrium and each thermally insulated from each other-no population mixing occurs. Kinetically, such a model may be able to describe the ion or electron distribution function in regions of velocity phase space with a large number of particles, at the expense of more weakly populated phase space, which may have uncharacteristically high temperature and hence pressure. As magnetic equilibrium effects increase with the increase in pressure, our work constitutes an upper limit to the effect of energetic particles. When implemented into an existing solver, FLOW (Guazzotto et al 2004 Phys. Plasmas 11, 604-14), it becomes possible to qualitatively explore the impact of resolving the energetic populations on plasma equilibrium configurations in realistic geometry. Deploying the modified code, FLOW-M, on a high performance spherical torus configuration, we find that the effect of variations of the pressure, poloidal flow and toroidal flow of the energetic populations is qualitatively similar to variations in the background plasma. We also study the robustness of the equilibrium to uncertainties in the current profile and the energetic toroidal rotation or energetic pressure profile. For constant toroidal current 1 Author to whom any correspondence should be addressed. M J Hole and G Dennis and stored energy, the change in the poloidal flux with changes in the current profile is similar irrespective of whether the toroidal rotation or pressure was changed, indicating insensitivity to whether uncertainties lie in the pressure or toroidal rotation profiles. We conclude that to a first approximation, lumping the energetic and thermal fluids together, as is done for many equilibrium solvers, qualitatively produces correct results.
Introduction
It is now routine for magnetically confined plasma fusion experiments to use significant non-Ohmic plasma heating. A growing source of heating is neutral beam injection, in which energetic neutrals injected into the plasma undergo charge-exchange collisions with the thermal plasma ions and form an energetic particle population. If the heating is stopped, the energetic particle population thermalizes with the plasma, slightly increasing the plasma temperature. Continuous power injection produces plasmas out of thermal equilibrium. Kinetically, continuous injection forms slowing-down distribution functions in the tails of the otherwise Maxwellian-distributed thermalized plasma. In many magnetically confined fusion experiments, a significant fraction of the stored energy of the plasma resides in this energetic particle population. Despite this, most equilibrium treatments are based on MHD: a single fluid treatment which assumes a Maxwell-Boltzmann distribution function.
Rather than attempt to solve the equilibrium field given a distribution function for the electron and ions, we energetically resolve different quasi-neutral fluids and solve for the field configuration of a multiple-fluid plasma in an axisymmetric toroidal configuration. Each fluid represents a different energetic component of the distribution function. A central motivation of our work is to determine the effect of different energetic components on the field configuration.
Our approach is tangential to two fluid plasma models, in which the ion and electron species are separately resolved. In the literature, multi-fluid models normally refer to either different charge or mass species [1] [2] [3] [4] . Of these, the one by Steinhauer [2] is perhaps the most advanced in toroidal geometry, but also the most complex. In its full complexity the Steinhauer one [2] consists of four scalar functions for the fields, seven scalar variables and three arbitrary surface functions for each species and is solved using six linear equations, one second order nonlinear equation for each specie, together with separate linear, first and second order ODEs for the fields. Such a large number of variables and constraints make the solution numerically challenging in realistic geometry. We introduce a simpler model for treating plasmas with significant energetic components. In our model, a non-Maxwellian toroidally symmetric plasma is decomposed into an arbitrary number of energy-resolved fluids. The central assumptions are that inter-fluid collisions are neglected, each fluid is charge-neutral, the distribution function of each fluid Maxwellian in velocity space and the pressure for each species is isotropic.
Our assumptions are motivated by a blend of physics importance and tractability. As mentioned, a major motivation of our work is to model the effect of neutral beam injection on tokamak equilibria. Normally, the charge exchanged beam has an injection speed much higher than the bulk flow speed of the thermal fluid, leading to a low inter-fluid collision frequency. If ion-electron collisions are neglected, the assumption that the distribution functions for the ion and electrons can be decomposed into sum of symmetric Maxwellian distribution functions whose fluid charge is zero represents a choice of basis function that assumes that the pressure for each species is isotropic. Insight into the effect of these assumptions can be seen by implementation. Our modus operandi is as follows: we fit each feature in the velocity space of the ion or electron distribution function with a Maxwellian distribution function located at velocity v i,α or v e,α , where α labels each energetically resolved fluid. The Maxwellian peaks are then shaped, by changing the width and hence temperature and density, so as to pair them into quasi-neutral fluids. Two complications are apparent: (1) the underlying distribution function may not be well represented as a set of Maxwellian peaks and (2) features in velocity space may not pair to form quasi-neutral fluids, and so shaping the peaks to achieve quasineutrality may result in unusually high temperatures. We next discuss each of these limitations.
Any function can be modelled arbitrarily accurately as the sum of a sufficient number of Maxwellian functions. Indeed, the set of Maxwellian or Gaussian distribution functions has long been used as an integral transform in quantum chemistry and density functional theorem (see Kurashige [5] and references therein). The second concern is more significant. We recognize that the underlying distribution functions for the ions and electrons may not pair into quasi-neutral fluids. Such a pairing can be forced, by adjusting the width of the ion or the electron Maxwellian peak to change the temperature and hence the number density and meet quasi-neutrality. If applied to increase the ion or electron density, the procedure will lead to an artificially high temperature for the corresponding fluid. The purpose of this work is to examine the impact of resolving the energetic particles on the plasma configuration. As we show, the effect on the plasma configuration increases with the energetic fluid pressure and hence temperature. A posteriori, our work thus constitutes an upper limit to the effect of energetic particles.
To help solve the multi-fluid model in realistic configurations, we draw on the extensive body of literature for solving tokamak MHD equilibria with flow (see [6] [7] [8] [9] [10] [11] [12] and references therein). Two recent examples which largely shape our work are McClements and Thyagaraja [13] and Guazzotto et al [14] . McClements et al were motivated by strengthening evidence of magnetized astrophysical structures which contain flows of bulk matter (such as jets associated with stars and accretion discs) and their relationship with laboratory magnetic confinement systems which exhibit similar properties. They generalize an ideal MHD model of the equilibrium state to include gravity and two fluid effects, the latter of which removes flow singularities such as the Alfvén trans-sonic condition. In contrast, Guazzotto et al [14] constructed a numerical code FLOW designed to solve equilibrium field configurations in tokamak ideal MHD plasmas with arbitrary toroidal and poloidal rotation profiles. The development of FLOW was motivated by both observations of large toroidal flows in NSTX-like equilibria, with supersonic toroidal flows leading to considerable outboard shift of the plasma, and analytic theory for large-aspect ratio low-β plasma equilibria [15] , which suggested they should exhibit radial discontinuities in the density, pressure and velocity profiles at poloidally transonic surfaces. This paper is organized as follows: section 2 introduces the multi-fluid model and shows how our work reduces to MHD models in the single fluid limit. Section 3 describes how solutions are computed, by modifying an existing code, while section 4 describes a set of scans that determine the impact of varying the pressure and flow profiles of the energetic components on the field configuration. Finally, section 5 contains concluding remarks.
A multi-fluid MHD equilibrium model for tokamaks
We aim to resolve different energetic components of the underlying ion and electron species distribution functions. Consequently, we decompose the electron and ion distribution functions into separate pairs of electron and ion distribution functions meeting two criteria: (i) the electron and ion species pair can be combined as a single quasi-neutral fluid and (ii) the quasi-neutral fluids are sufficiently energy-resolved such that the rate of energy transfer caused by Coulomb collisions between like-pair particles is much greater than the rate of energy transfer between unlike-pair particles. That is, inter-fluid collisions are neglected. The combination enables each quasi-fluid, labelled as subscript α, to be described by ideal MHD and governed in steady state by
where γ α is the ratio of specific heats and µ 0 the permeability of free space, and the unknowns are ρ α the mass density, v α the fluid velocity, p α the isotropic partial pressure, J α the current density, E the electric field, B the total magnetic field and B α the magnetic field produced by the current J α . The set of equations is completed by a closure equation for the pressure.
Highly collisional plasmas obey the standard steady state form of the ideal MHD adiabatic equation [14] :
while collisionless plasmas exhibit large thermal equilibration of temperature along the field lines, leading to the condition
where T α is the plasma temperature of each species. For the latter case, the pressure and temperature are related through the ideal gas equation p α = ρ α k B T /m α , where k B is Boltzmann's constant and m α the mass of each species. Equations (1)-(6), together with equation (7) or equation (8) , define the relationship between these 15 unknowns at every point in the plasma. In the rest of this paper we present the working and results for an ideal MHD adiabatic closure. While this is acknowledged to be inappropriate for fusion plasmas, where the heat conduction parallel to the magnetic field is large, we justify this choice by noting that the parametrization of the constraints and choice of flux functions is the same for either closure condition. Indeed, the analysis proceeds identically for collisionless closure, but with a different value of γ . Importantly, trends in the parameter scans of section 4 are insensitive to changes in the value of the specific heat.
As both B and ρ α v α are divergence free, they can be written as
where is the poloidal magnetic flux, B φ is the toroidal magnetic field, ζ α is the poloidal mass flux of the α fluid, v α,φ is the toroidal velocity component of the α fluid andê φ is a unit vector in the φ direction. Since B · ∇ = 0 it follows that is constant along field lines.
As E is irrotational, we can write E = −∇ , with a scalar potential. Next, the use of Ohm's law, equation (3), identifies two further flux functions. We assume toroidal symmetry, such that ∇ ·ê φ = 0. Expanding v × B ·ê φ = 0 and using equations (9) and (10) yields ∇ × ∇ζ = 0, and so ζ α is a function only of the poloidal flux. Using this information, the electric field expands as
The vector [∇ − (ê φ · ∇ )ê φ ] is a function of only. In order for ∇ × E = 0, if follows that α must also only be a function of . Equation (12) constitutes a poloidal flow modified equation for the toroidal angular frequency, v α,φ /R, of the flux surfaces. In a plasma with purely toroidal flow, ζ α would be zero and the flux surfaces would rotate rigidly in the toroidal direction.
To further reduce the number of variables in the force-balance equation, equation (2), it is useful to decompose the magnetic field into the components due to the internal currents J α and those due to the externally applied field. That is,
where B vac is the vacuum magnetic field. As the magnetic field components represent physical magnetic fields, their divergences must separately be zero. Consequently, B α and B vac can be expanded as
where α and vac label the poloidal magnetic flux of the different components and the vacuum field. Ampère's law is then applied to B α and B vac to obtain expressions for J α and J vac in terms of the magnetic fields they produce,
As the poloidal and toroidal terms in equation (17) are orthogonal,
The latter is the familiar vacuum field scaling. Next, the J α × B term in equation (2) can be rewritten as
where we have used equation (16) for J α and equation (9) for B. Substituting ρ α v α with the RHS of equation (10), the convective derivative expands as
Consequently, force balance (equation (2)) can be written as
Transformation of equation (22) into a set of equations for the flux is completed by the introduction of three additional flux functions. By substituting the expression for ρ α v α in equation (10) into equation (7) it can be shown that p α /ρ γ α α is a flux function. It is convenient to define
which allows pressure to be eliminated in equation (22) . Another flux function can be obtained by considering the toroidal component of equation (22),
which, upon rearranging, gives the new flux function,
For convenience, we introduce the notation
which reduces to the familiar expression f ( ) = B φ R of the Grad-Shafranov equation, in the limit of zero poloidal flow, ζ α ( ) = 0. Equations (25) and (26) can also be rearranged to yield an expression for the total field
where we have eliminated v α,φ using equation (12) . By considering the poloidal component of equation (22) and eliminating the fluid pressure by using equation (23), it can be shown that the following is a flux function, (28), p α in favour of σ α using equation (23) and B α,φ in favour of f α using equation (25) yields the per-fluid flow-modified Grad-Shafranov equation
For an N -fluid plasma, equation (29) is a set of N coupled two-dimensional second order partial differential equations for the poloidal magnetic flux, α . The system of equations is closed with N Bernoulli equations for each fluid, given by equation (28), together with the expression for B φ R, given by equation (27) . Calculation of an equilibrium field configuration requires the simultaneous solution of N Grad-Shafranov and N Bernoulli equations. Practically, one is normally interested in the total poloidal flux, not the flux due to each fluid. In this instance, the system can be reduced further. Summing equation (29) over N fluids yields
where equations (18) and (26) have been used to simplify some terms. This system of equations comprises a single nonlinear PDE and N algebraic Bernoulli equations and offers significant computational simplicity compared with the full system of flux-resolved fluids.
In the single fluid limit, our working closely follows the ideal MHD model of McClements et al [13] . Under the transformation: [13] ) can be rewritten as
The multi-fluid Grad-Shafranov equation derived in equation (30) can be written in a similar form,
Equation ( Guazzotto et al [14] describe a single fluid plasma model which comprises poloidal and toroidal rotation and allows for either temperature anisotropy or assumes an adiabatic equation of state. The notation of Guazzotto et al maps to this work under the transformation:
Using this transformation, and adiabatic ideal MHD closure, the Bernoulli equation of Guazzotto et al (equation (16) and (17) in [14] ) becomes
This is equivalent to equation (28) in the single fluid limit under the replacement B 2 = |∇ | 2 + (B φ R) 2 using equation (9), substitution for v using equation (10) and v φ using equation (12) 
In the single fluid limit where the α subscripts are dropped and the sums disappear, equation (32) reduces to equation (34).
Numerical solutions built on FLOW
We have solved the multi-fluid system of equations by modifying the single fluid code FLOW [14] , which was developed to investigate plasma equilibria with arbitrary poloidal and toroidal flows in tokamaks. FLOW is a finite-difference multi-grid solver that solves the plasma equilibrium with one of two different equations of state. For the ideal MHD adiabatic equation of state, given by equation (7), FLOW solves the following system of equations: an equation for the toroidal component of the magnetic field,
the Bernoulli equation,
and the Grad-Shafranov equation,
where is set to zero on a fixed boundary.
The system of equations we seek to solve (equations (27) , (28) and (30)) is a multi-fluid generalization of equations (35)-(37) and reduces identically to equations (35)-(37) in the single fluid limit. As such, only minor algorithm changes were required for FLOW to solve Other structural changes were required to enable FLOW to support the multiple fluids and the additional parameters, inputs and outputs for each fluid. For convenience, we hereafter refer to the multi-fluid enabled FLOW code as FLOW-M. Table 2 . Relationship between FLOW-M constraint functions and quasi-variable user input profiles, with R 0 the radial position of the geometric axis.
Function Definition
Our system of equations include a number of freely specifiable flux functions: ζ α ( ), α ( ), σ α ( ), H α ( ) and f ( ).
We generalize the set of quasi-variables introduced by FLOW according to table 1. These correspond to physical variables in the limit of zero mean fluid velocity and infinite aspect ratio. In addition to mass density, pressure and the toroidal component of the magnetic field, two variables are used to define the toroidal and poloidal flow of the plasma. The poloidal Mach number is defined by Two sets of benchmark calculations were performed. In the first, FLOW-M single fluid equilibrium solutions of high performance MAST discharge #7085 at 290 ms were calculated using equilibrium profiles of boundary, pressure and toroidal flux taken from high resolution CHEASE reconstructions [16] . These high resolution reconstructions were based on EFIT [17] reconstructions which matched the external magnetic measurements and which were subsequently refined in CHEASE [18] using high resolution Thomson scattering [19] , charge-exchange recombination [20] and bremsstrahlung data [21] . Figure 2 shows the plasma boundary, pressure and toroidal flux functions, together with the computed poloidal flux and the poloidal flux difference between CHEASE and FLOW solutions. For a (θ, s) grid of resolution 513 × 513 points, the poloidal flux agrees between CHEASE and FLOW solutions to within 1% across the plasma. This difference is not physical and corresponds only to finite resolution. In the second benchmark, the single fluid was divided into three fluids comprising 20%, 30% and 50% of the density. The poloidal flux of the reconstructed plasma agrees to within 10 −4 of the single fluid solution. 
Parameter scans
In this section, we investigate the effects of an energetic component of a plasma on the equilibrium. This is done by considering a two fluid plasma comprising a 'background' fluid having the greater mass, which we denote by subscript 0, while the other fluid is the 'energetic' component with greater toroidal and poloidal velocity, denoted by subscript 1. Four sets of parameter scans are performed: in the first three, the magnitudes of the energetic toroidal quasi-Mach number M α,φ , poloidal quasi-Mach number M α,θ and quasi-pressure P α are varied while the functional form of flux profiles remains fixed. Following [14] , we use the following power-law polynomials to parametrize the flux profiles:
where N = | / 0 | is a normalized poloidal flux, 0 is the value of at the magnetic axis and the subscript max denotes the maximum of the parameter across the plasma. For the background fluid, we have taken the pressure P 0 and density D 0 profiles to be that of MAST plasma discharge #7085 at 290 ms, available in Hole et al [16] . Rotation flux profiles given by equations (40) and (41) are used for both fluids. In the final parameter scan, the robustness of the equilibrium to variations in the uncertainties in the profile information is explored for constant plasma current I p and total stored energy . The second set of scans is motivated by limited profile information of the energetic fluid in many fusion experiments: we seek to determine the maximum possible impact of the energetic populations on the plasma configuration. In all cases the mass density and pressure profiles for the background plasma are the same as those used in the CHEASE benchmark in section 3 and taken from MAST discharge #7085 at 290 ms.
Toroidal Mach number
For this scan over M 1,φ,max , the parameters were selected as follows: M 0,φ,max = 0.15, M 0,θ,max = 0.1, P 0 ( 0 ) = 8 kPa and D 1 ( 0 ) = 0.5, M 1,θ,max = 0.25 and P 1 ( 0 ) = 4 kPa. Figure 3 shows the impact on the on-axis safety factor and the Shafranov shift with the increase in M 1,φ,max . The variation in Shafranov shift with toroidal rotation is easily understood: as the toroidal velocity of the energetic fluid increases, the centrifugal force in the frame of the fluid increases, causing an outboard shift of the plasma. The results also match the trends of an earlier analytical work by Clemente and Farengo [22] . The dependence of the central safety factor on the toroidal Mach number is however less transparent. A qualitative understanding can be gained by expanding q near the magnetic axis, replacing J φ using the Grad-Shafranov equation and substituting the FLOW constraint functions for the quasi-variables introduced in table 2. Local to the magnetic axis, and ignoring shaping effects, the central safety factor varies as [23, 24] 
where J φ,mag and B φ,mag are the values of the toroidal current density and magnetic field at the magnetic axis, respectively. An expression for J φ,mag can be obtained by writing equation (16) as
Noting that ζ α → 0 at the magnetic axis, the RHS of equation (43) 
where M α,φ ∝ M α,φ,max , and all variables are evaluated at the magnetic axis. For sufficiently small M α,φ,max , the linear term will dominate the dependence of J φ R. At the magnetic axis, M α,θ < 0 from equation (41),
> 0. Consequently, the linear term acts to decrease J φ R, while the quadratic term increases it. This change in behaviour explains the inflection in q 0 observed at M energetic,φ,max ≈ 0.2.
Finally, as might be expected, the effect of varying M φ on the total normalized β, β N = α β N,α , is small. Here, the normalized beta of each fluid is β N,α = %β α /(I p /aB φ ). For the thermal component, an increase in M 1,φ ( 0 ) from 0 to 1.3 produces a 7% drop in β N0 , all due to the increase in the total plasma current caused by the increased rotation velocity of the energetic fluid. For the energetic component, the corresponding mass density and pressure profiles shift outboard, increase in peak magnitude and become more narrow as M energetic,φ increases, increasing β N1 . The increase in β N1 and the decrease in β N0 balance, yielding no overall increase in β N .
Poloidal Mach number
The plasma parameters for the scan over the poloidal Mach number were the same as in section 4.1, except that M 1,φ ( 0 ) = 0.7. As expected, over the range 0.01 < M 1,θ,max < 0.4 the Shafranov shift was constant at S = 0.135. Figure 4 shows the impact on the on-axis safety factor and the total plasma current with the increase in M 1,θ,max . The observed drop in J φ near the magnetic axis (and hence increase in q 0 ) with the increase in poloidal Mach number is consistent with the equilibrium scaling of equation (44). The growth in plasma current is understood by recognizing that J φ increases near the plasma edge, where most of the plasma volume is present. Finally, although the spatial pressure profiles are largely unaffected by the change in poloidal flow: β N drops by ≈8%, representing the increase in I p .
Pressure
The plasma parameters for the scan over pressure 0 < P 1 ( 0 ) < 8 kPa were identical to that in section 4.1, except that M 1,φ ( 0 ) = 0.7 and M 1,θ,max = 0.25. Figure 5 shows the impact on the on-axis safety factor and the total plasma current with the increase in P 1 . Qualitatively, the trends are identical to those of variation in the thermal fluid pressure [23] . As the field is dominated by the 1/R dependence of the vacuum field, the force balance requires an outboard shift in J φ , and so the Shafranov shift increases with the increase in P 1 . Similarly, the increase in ∇P 1 leads to an increase in J φ ( 0 ), and hence a reduction in q 0 , while the increase in P 1 produces an increase in β N1 , and J φ , and hence I p . Although P 0 remains unchanged, it is the increase in I p which produces the drop in β N0 . Overall, β N = β 0 + β 1 increases slightly.
Equilibrium stiffness
In tokamak experiments without a motional Stark effect diagnostic [25] , the greatest source of uncertainty is often in the current profile and therefore the location of the internal flux surfaces and the safety-factor profile. Another source of uncertainty lies in the characterization of the energetic particles. We aim to investigate the effect of variations of the energetic profiles on the plasma equilibrium. To do this, the current density profile, and pressure or toroidal rotation profile, was varied and a new plasma equilibrium constructed that conserved two experimentally measurable quantities: the total toroidal plasma current I p and a measure of the total energy of the plasma [26] , generalized to multi-fluids as
where
The profiles we have chosen for this study are
with α p , α φ and λ 0 , λ 1 varied to change the β p , W pt and l i while preserving I p and . The scan parameters were completed using
and equations (40) and (41) for M 0,φ , M 1,φ and M 1,θ , respectively, with M 0,φ (0) = 0.15, M 0,θ,max = 0.1 and M 1,θ,max = 0.25. Two scans over l i were performed: for each new λ 0 (and hence l i ) we vary λ 1 and either α p or α φ using a simplex search algorithm [27] to meet the constraints of constant I p and . Numerically, the exit condition on the variation of (λ 1 , α p ) or (λ 1 , α φ ) for each λ 0 was in agreement with I p and to within 0.02% of its unperturbed value. Figure 6 shows a plot of the mean fractional difference in the poloidal flux for each scan, defined by
where is the unperturbed flux (i.e. λ 0 = 1), and the integration is performed over a poloidal cross-section. The integrand boundaries are chosen to exclude domination by edge effects. It can be seen that for a deviation of ±20% in the profile of the toroidal current density (as measured by λ 0 ), on average, varies by approximately ±10%. The variation in both scans is nearly identical, showing that it is principally the variation in f ( ) and hence the current density profile that is responsible for the variation in the equilibrium. The energetic pressure and rotation profiles have only a small effect on the field line configuration.
Conclusions
We have investigated the effect of an energetic component of a multiple-fluid plasma upon the equilibrium of a tokamak plasma. This was achieved by deriving a multi-fluid model for the equilibrium of a toroidally symmetric plasma, in which each energetic component of the plasma is modelled as a separate fluid. The model assumed that the velocity distribution of each fluid could be described by a Maxwell-Boltzmann distribution function, that the pressure exerted by each fluid is isotropic, that plasma resistivity and inter-fluid collisions are negligible and that each fluid is quasi-neutral. The equations describing this model include an equation for the toroidal component of the magnetic field, a Bernoulli equation for each fluid and a modified Grad-Shafranov equation.
We implemented our model as a modification to the single fluid plasma equilibrium code FLOW. In the single fluid limit, the modified code was then benchmarked to ideal MHD reconstructions of a high performance MAST discharge. To benchmark the multi-fluid capability, the discharge was divided into three component plasmas, with 20%, 30% and 50% of the plasma density. The reconstruction of the resultant multi-fluid plasma matched that of the single fluid. Finally, the modified code was then used to numerically investigate the effect of an energetic fluid upon the plasma equilibrium. Qualitatively, we found variations in the energetic fluid exhibiting the same effect as their thermal counterparts. That is: (1) a significant increase in toroidal rotation leads to an increased Shafranov shift, a decreased central safety factor and an increased energetic β N , (2) an increase in the poloidal flow shear leads to an increase in the central safety factor and an increase in the plasma current and (3) an increase in pressure leads to an increase in the Shafranov shift, a decrease in q 0 and an increase in energetic β N . Our profile scans also yielded some unexpected outcomes: (4) an inflection in variation of the central safety factor exists with the increase in toroidal flow (for small toroidal flow increases, q 0 actually increases) and (5) the increase in energetic beta due to increased rotation is offset by the increase in the total current, and so the total beta remains unchanged.
We also studied the robustness of the equilibrium to changes in the current profile and energetic toroidal rotation or pressure profiles. Specifically, we expanded or compressed the current profile and then varied the current magnitude and compressed or expanded the energetic pressure or toroidal rotation profile such that the total energy and plasma current were left unchanged. We found that the change in the poloidal flux was similar irrespective of whether the toroidal rotation or pressure was varied, leading us to conclude that the equilibrium is largely insensitive to whether uncertainties lie in the pressure or rotation profiles.
The implications of this work are that the magnetic equilibrium of the plasma is mostly determined by the toroidal current density profile; the energetic components contribute to the toroidal current through force balance of the plasma. To a first approximation, lumping the energetic and thermal species together, as is done routinely in many equilibrium solvers, qualitatively produces correct results, especially if no fluid component exhibits rotation. Indeed, if no rotation is present, then combining energetic and thermal pressures in a single fluid MHD description is identical to a Maxwellian-distributed species multi-fluid model.
Quantitatively, it is the combination of energetic fluid toroidal flow and pressure that produces the largest modification to single fluid equilibria. An estimate of this modification can be made by examining the poloidal flux for the parameter scans and comparing it with the flux to a single fluid equilibrium in which the pressure is the sum of thermal and energetic fluids. Specifically, we have compared the poloidal flux for the multi-fluid configuration reference configuration of section 4.4, for which P 1 ( 0 ) = 4 kPa, M 1φ ( 0 ) = 0.70, M 1θ,max = 0.25 and P 0 ( 0 ) = 8 kPa, M 0,φ (0) = 0.15, M 0,θ,max = 0.1 to a single fluid configuration in which P 0 ( 0 ) = 12 kPa, the pressure profile is the sum of thermal and energetic fluids and M 0,φ (0) = 0.15, M 0,θ,max = 0.1. The change in poloidal flux between solutions is ≈ 2%. Use of the robustness scans in section 4.4 can also indicate the difference in solution due to uncertainty in the energetic fluid toroidal rotation or pressure profile. Over the range of l i studied, the toroidal flow profile ranged from flat to √ N , while the change in the pressure was relatively stiff, with the pressure profile ranging from 3/2 N to 2 N . The fractional difference in the poloidal flux between the energetic fluid toroidal flow and pressure profile scans is 4%. Combined, the worst case estimate for the change in the poloidal flux due to multi-fluid resolution of the rotating energetic fluid and uncertainty in the toroidal rotation profile is hence ≈6%. We note that this is an upper limit, as an improvement on the single fluid result can be made if one attempts to combine the energetic fluid flow or pressure flow profiles as specie averaged profiles. Because the spherical tokamak is a relatively low field configuration, the impact of multi-fluid equilibrium modification on larger aspect ratio configurations is likely to be weaker than the configuration studied here, as the neutral beam injected ions represent a smaller fraction of the total stored energy.
There are a number directions that this work can take. An immediate extension would be to expand upon the investigation of the robustness of the plasma equilibrium to variations in the profiles describing the energetic fluid, but for which the toroidal current profile is well diagnosed. In the longer term, a multi-fluid model could be derived from the FokkerPlanck equation assuming a slowing-down distribution for an energetic species, instead of a Maxwellian distribution, to enable more accurate modelling of neutral beam heated plasmas. Finally, it would be interesting to investigate the stability of plasma equilibria under this model. As stability is sensitive to properties of the equilibrium, particularly the safety factor profile, which does change, such effects may be significant.
